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ABgPUCT 

The  analysis  of  ballistic  alsslla  perforaaoce  Involves  the  deternlnaticn 
of  targets  for  vtilch  the  effect  of  propellant  depletion  is  statistically 
acceptable.  Iberefore  0^  ,  the  probability  of  avoiding  propellant  de> 
platloo  prior  to  noraal  guidance  shut  dove,  plays  a  fundaaental  role. 

It  is  convenient  to  Introduce  a  propellant  reserve  function  and 

ajqneas  as  the  probability  that  O  Thi*  probability  is 

deteralnad  in  tens  of  the  statistics  of  system  parameters  by  assuaOng 
a  linear  expansion  of  the  propellant  reserve  function  over  a  region 
correspooding  to  dispersion  for  a  particular  laurxh- site/ target  coobina- 
tloQ.  By  approximating  the  probability  distribution  function  for  as 
an  equivalent  normal  one,  an  explicit  solution  can  be  obtained  in  terms 
of  the  expected  value,  ,  and  the  standard  deviation 

Alternately,  a  range  function  can  be  utilized  to  obtain  the  saae  result. 
Mien  considering  the  target>range  at  constant  probability  it  is  useful 
to  define  range -exchange  coefficients.  Hethods  are  discussed  for  utiliz 
ing  such  exchange  coefficients  to  adjust  previously  obtained  pcrfcraance 
reaulta  to  account  for  changes  in  system  paraaeters.  Also,  sose  addi¬ 
tional  approxiimtions  are  considered.  Ibe  results  are  rot  essentially 
nev  but  an  attempt  at  a  more  complete  and  rigorous  presentation  is 


attasipted 
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1.  RAJKZ  PntTQRHWirE  AS  STkTlSTlZAL  ’yXSTI  ZAF/SILlTi 


“Sje  quactltati*/e  definition  of  range  pcrfcmance  for  a  c*alli8tic  aissile 
requires  a  acre  detailed  concept  tcan  slacply  that  of  "firing  tne  sissile 
as  far  as  it  vill  go".  ^  arri'/e  at  a  suitacle  definition,  let  vis  consider 
a  partirolar  launch,  site  of  interest,  along  with  the  corresponding  set  of 
operational 1 y- soaped  trajectories  for  soee  specified  initial  ariauth  angle. 
There  will  tncn  exist  an  associated  locus  of  targets  on  the  eartn  starting 
at  sooe  alnlaur  allowable  target-range  and  extending  aaay  froa  the  launcn- 
site.  To  define  a  corresponding  'naxigu  target-range"  we  aust  establish 
the  extrese  target  point  out  aiding  this  locus  to  idiich  we  can  actually 
target  the  systex  vitho\\t  deterioration  of  weapon  effectiveness  to  aooe 
unacceptable  level.  The  asscciated  question  of  targeting  capability  tnere- 
fcre  involves  first  a  definition  of  systen  effectiveness  for  any  launcn-site 
/target  cooclnatlon  (necessarily  in  statistical  tents),  and  second  the 
specification  of  "acceptability"  as  detent! ned  by  an  appraisal  of  toe 
exigencies  of  the  ailitary/econcatic  situation.  The  present  discussion 
will  deal  with  only  the  technical  problec  of  determining  systea  effective¬ 
ness  for  all  targets  of  interest  frost  any  particular  launch-site. 

For  any  selected  target  a  fundaoental  Eeas'ure  of  systex  perfcmance  is  Kill 
probability,  idiich  is  directly  related  to  the  impact  statistics.  For  a 
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•ufflclently  hl^  probability  of  aciiieTlng  proper  guldaace  sbrjtdojm  wltiiout 
Teaming  out  of  propellent,  the  statistics  depends  only  on  txie  accuracy 

capability  of  tbe  guidance  systea.  Hove'ver,  as  targets  are  selected  at 
greater  and  greater  rai^ges,  tbe  statistics  for  propellant  depletion  nas  a 
significant  effect,  sc  as  to  increase  lepart  dispersion  and  consetpient^y 
decrease  kill  probability.  Thus  kill  probability  varies  with  range  to  tbe 
target.  For  targets  at  aediun  ranges  tbis  probability  is  at  an  alaost  con¬ 
stant  value  corresponding  to  tbe  statistics  of  guidance  accuracy,  and  tben 
decreases  sharply  as  targets  at  greater  ranges  are  considered  and  propellant 
depletion  becoaies  significant.  Tbe  "naxiauB  target- range”  tnen  correspond' 
to  tbe  target  for  iblch  tbis  deterioration  in  kill  probability  due  to  propel¬ 
lant  depletion  has  reached  soae  acceptable  (saall)  liait  value,  vitb  targets 
at  greater  ranges  corresponding  to  lover  kill  probabilities. 

"Bx  effect  of  propellant  depletion  statistics  upon  i^act  statistics,  and 
consequently  upon  k<  n  probability,  for  a  giveu  launch- site  for  various 
target-ranges  is  eabodied  in  tbe  quantity  ^  ,  tbe  probability  of  avoiding 

propellant  depletion  prior  to  nonal  guidance  abut  dovn  (for  a  non-nalf'i.nc- 
tioning  aissile).  A  direct  relationsbip  can  be  established  so  tbat  for  a 
given  launch-site  and  initial  aximitb,  ve  can  consider  tbe  probability  Gp  as 
a  convenient  aeasure  of  systea  "range  perforaance”  tbat  is  eq[uivalect  to  a 
aeasure  of  "effectiveness”  for  tbe  target  being  considered.  Tbe  target  at 
asLXlaun  range  tous  corresponds  to  the  value  of  Gp  tbat  has  been  separate¬ 
ly  detezmlned  as  being  consistent  vitb  a  specified  allovable  deterioration 
In  kill  probability  due  to  propellant  depletion. 
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Tb  Introduce  t>r  i  n  aathenat i cal  tents  we  conslcier  it  as  tiie  conditional 
probat illty  for  any  launcn-site/target  ccanbination  corresponding  to  approp¬ 
riate  design  operating  conditions  sucn  as  vind,  atnosjabere,  etc.  Let 

Aj.  j  denote  tne  geograji:>ic  latitude,  geodetic  longitude,  *id 

geodetic  altitude  respectively  for  tlie  launct-site  and  Ht 

slitilarly  for  the  target.  Ifcen  we  can  repirescnt  Of  by  a  function  as 
follows: 

%diere 

5  (1.2) 


(i.3) 


As  brou^t  out  in  tne  previous  discussion,  it  is  useful  to  introduce  a 
range  quantity  corresponding  to  some  appropriate  measure  of  separation 
between  peints  on  the  eartn.  One  possibility  for  tbis  is  a  quantity 
proportional  to  tbe  central  angle  for  the  two  points  ^ 

(  ^  At  ')  OD  the  reference  ellipsoid.  We  could  also  consider  the 

geocentric  r'''  throu^  tnese  two  points  and  define  range  as  the  dis¬ 
tance  its  elliptical  intersection  with  the  reference  ellipsoid. 

Xf  ve  let  Kt  denote  the  range  froat  launch-site  to  target,  then  we 
can  express  it  as  a  function  by 


(1  -) 


Fitse  1.4 

Rather  than  utilise  the  geodetic  coordinate  quantities  to 

represent  the  target  location  for  a  given  launch  site,  it  is  nore  conven> 
ient  fcr  perfozmnce  analysis  to  introduce  soae  lociia  of  targets  on  the 
refentnce  ellipsoid  and  utilise  the  target-rasge  alc»g  the  locnis 

as  an  "idantification  label"  for  the  corresponding  continuous  set  of 
targets.  Thus  the  perforaance  quantities  for  this  target  lociis  can  be 
es^zessed  as  functions  of  fix  instead  of  A#,  aX  .  Various  defin> 
itions  of  target  loci  can  be  utilised,  e.g.,  the  intersection  of  the 
reference  ellipsoid  with  a  geocentric  plane  fron  the  launch>site  at  a 
specified  asiiuth.  One  aethod  of  particular  interest  is  that  of  specify¬ 
ing  the  initial  trajectory  aiiauth,  .  For  any  launch-site/target 

coabination  there  %rill  exist  an  associated  trajectory  vith  soae  particu¬ 
lar  deterained  uniquely  by  the  specific  trajectory  calc-ulation 

process  applicable  to  the  systaa  under  consideration.  Thus  cam  ex¬ 
press  as  a  function  by 

Of.  =  Of.  {  Ht]  (1.5) 

ILen  inversely,  can  be  determined  from  (1.^),  (1.^)  if 


A^  = 

f  Mr} 

U.6) 

A>  • 

Ht| 

(1.7) 

Substituting  (1.6),  (1.7)  into  (1.1)  ve  can  then  consider  an  alternate 
function  for  as 


1.5 


Ibus,  for  a  glren  launch  site  and  target  altitude  Hf>  t  ^  perfonoance 
quantity  ^  can  be  represented  by  constant  probability  contours  on 
the  surface  of  the  earth  as  given  by  (1.1);  or  alternatively,  It  can  be 
given,  by  (1.6)  as  a  function  of  for  various  allovable  values  of  . 


raomLAWT  R18PVI  Fuwcnow 


Ihe  •Ignlflcant  p«rfox«anctt  probability  function  ditcustad  in 

Section  1  can  be  analyzed  conveniently  ae  ditcuaeed  belov  by  introducing 
the  ccmcept  of  reeerve  propellant*  For  a  particular  laimch-eite/ target 
coahl  nation  «e  coneider  a  conceptually  large  population  of  flight  trials 
without  equipMnt  aalfunction*  For  any  euch  flif^t  trial  with  a  normal 
guidance  tendnation  without  propellant  depletiMi,  let  Mr  demote  the 
available  propellant  r— Ining  at  final  cutoff.  For  a  flight  trial  with 
propellant  depletion  prior  to  a  normal  guidance  termination  we  define 
the  corresponding  available  propellant  at  burnout  as  negative.  It  is 
important  to  note  that  the  positive  available  propellant  Mr  IQ  the 
case  it  a  bipropellant  liquid  engine  will  not  all  be  burnable,  due  to 
outage.  By  outage  is  meant  the  amo^mt  of  one  propellant  rexoaining  above 
its  minimum  available  level  vhen  the  available  mass  for  the  other  has 
been  expended,  lb  account  for  this  we  define  an  outage  for  the 

final  stage  by  extrapolating  the  mixture  ratio  to  propellant  depletion 
in  some  appropriate  fashion.  In  addition,  we  let  denote  the  cor¬ 

responding  "propellant  reserve"  at  cutoff  <—  that  is,  the  remaining  propel¬ 
lant  that  could  have  been  burned  if  guidance  termination  had  been  eliminated. 
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Then  the  probability 
given  by 


of  achieving  a  normal  guidance  shut  down  Is 


Q  •  fractional  number  of  trials  with  a  normal  guidance 
'  termination  without  propellant  depletion 


>  Probability  that 


(2.2) 


The  quantity  varies  with  each  trial  due  jo  variations  In  the  many 

statistical  parameters  of  the  system  as  well  as  external  disturbing  quanti¬ 
ties  associated  with  the  flight.  We  assume  that  In  general  we  ceui  define 
app.Toprlate  quantities  **  *  to  represent  all  such  unceirtalnty 

effects.  A  function  Ht  defined  by  appropriate  trajectory 

calculations  and  can  be  represented  by 

My”  Xnt  (^.3) 

It  Is  clear  that  (2.3)  Is  a  function  of  the  launch- site/ target  combination. 
Recalling  (1*6),  (1.7)  vs  can  consider  an  alternate  function  for  as 

Mt  =  (2.^) 

and  from  (2.1), 

Kt,  Hu, Ht^'  X,^  "  •  "  X*  (2.3) 

If  we  know  the  statistics  of  Xo,  *  *  '  Xn  ,  then  utilizing  the 
function  (2.5) >  It  Is  In  principle  straight  forward  to  calculate  - 

the  probability  distribution  function  for  ^  e.g.  by  a 

Monte  Carlo  computing  technique.  Thus  from  (2.2)  we  see  that 

can  be  evaluated  as 


(2.- 


o 
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A  practical  approxlinatlon  for  the  calculation  of  involves  a  linear 

(power  series)  expansion  of  the  function  (2.4)  about  a  set  of  nominal  values. 

denote  a  conveniently  chosen  nominal  value  of  )(h  *  with 

K  ~  o ,  I  ^  .  .  .  >^  such  that 

Xk  -  “*■  AXk  (2-  0 

Also^  let  “  Hud  f-  AHfc.  (2.3) 

Hr  '  Htw  '►AMt  (2.0) 

If  the  ere  small,  then  we  write  (2.5)  as 

Hr.,;  -X..^  (2.UJ 

Wtw  Mtk,  -  X.M  (2-12) 

**•  Bmv  AMt  (2.13) 

Bhi.  ’  ;  X, *#/*  •  x»,  w  5  ( 2 . i4 ) 

Bio- '  ^  “-A, ---x.. 5  (2-i5) 

«.«  ^  *  i;  6«  (z-i-fi) 

l5wC<lt/«;^Cr)  =  (217) 

Then  letting  denote  the  expected  value  of  ,  we  write 

^  Hr,  ^  A  Mm  XJ 

(2.18) 

K  *1 

Thus  (  2. 10)  becomes 

-  5^p  -H  U-U 

'  Hf  ^ 

H'# 


(2.19) 
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The  stAnd&ird.  deviation  Of  for  the  statlshlcal  (ju&utity 

given  by 


where 


- 


or 

K 


{ C«,-  ] 

--  I  }" 

'>  Wl.  •»• 


f  =  f  ^  -X;) 


(2.20) 

(2.?,1) 

(2.22; 


Let.  us  approximate  the  probability  distribution  function  f^(J<r)  by  a 
normal  distribution  having  the  same  mean  and  standard  deviation 

0^  as  .  TS.en  (2.6)  can  be  approximated  as 


-i(u-np)" 


^  i  Rr,  Ht^  ”  ^ ^Fir  ^ 


e 

S 


vrtaere 


e  dw 

w---rtp 

i  L«-e 


(2.23) 


Mp-  npt<^t,^o,RT,  ^ 

Thus  the  quantity  <ff  depends  only  on  the  value  of  Op  for  the  launch 

site/target  combination  of  interest.  From  (2.2^)  and  recalling  (2.18), 
(2.20)  we  see  that  the  following  quantities  are  involved; 


F»«e  2.5 


f 


(1)  S«l«ct«d  Doalnal  v&luai: 


(3)  Trajectory  quant! ties  dependent  on  A  ef.  R,  : 

N\tn 
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3.  RAWCZ  FUNCTIOll 


Instead  of  tiie  function  Hy  discussed  in  Sec.  2  it  is  soaetiines  useful 
to  formulate  the  performance  analysis  in  terms  of  a  range  function  as 
follovs.  For  a  particular  launch- site/teurget  combination  we  determix»e 
1  trajectory-related  parameters  by  the  applicable  teurgeting  calculation 
process  for  the  system.  Then  ve  consider  the  hypothetical  situation 
such  that  the  missile  operates  under  closed- loop  guidance,  except  that 
instead  of  guidance  termination  \k  cutoff  thrust  when  the  available 
propellant  reaches  some  arbitrarily  selected  value  Mw  ,  idiere  Me. 
includes  the  extrapolated  outage  and  reserve  propellant.  If  the  system 
utilizes  a  vernier  we  include  a  nominal  vernier  phase.  The  resvilting 
range  OC  it'  thus  a  function  defined  by  appropriate  trajectory  calcu¬ 
lations  and  can  be  expressed  as 

6^  =  Ht  ;  }  (3  i) 

Recalling  (I.6),  (1.7)  we  can  consider  aa  alteruat.^  function  for  Oi  as 

61  =  Ri  Hi,  Mt  (3.2} 

In  general  the  functional  form  of  depends  on  the  launch-site/target 

combination  as  indicated  in  (3*2),  due  to  the  trajectory  shaping  and 
guidance  steering  that  is  dependent  on  this  combination.  However,  for 
given  systems  utilize  the  same  trajectory  shaping 

regardless  of  ,  and  we  can  write  a  corresponding  function  for  ^  as 
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(R.  =  (3 

In  such  a  caae,  (R.  as  a  function  of  Mfc.  for  particular  values  of  of »  ^ 

etc..  Is  the  —■>«»  as  range  to  the  Instantaneous  Inpact  point  versus  available 
propellant  for  a  single  trajectory  calculation.  For  systesis  in  lAilch  this 
Is  not  the  case,  (R  aust  be  obtained  by  a  separate  trajectory  calcxila- 
tlon  for  a  particular  value  of  Kt  toy  utilizing  the  corresponding  target¬ 
ing  calculation  to  secure  the  proper  associated  trajectory  shaping. 


Tb  obtain  the  relatlw  between  the  range  function  and  the  function 

of  (2.1)  ee  recall  that  Mr  »  Ma#  vhen  (R  “  .  Thus  Is  defined 

ls5>llcltly  as  a  function  of  Rx, 

Rt  =  h., /.,•••  (3.1.) 

Introducing  the  noalnal  quantities  ••  •  )fiiM  ““i  recalling  (2.11) 

ve  obtain 

Kt  ■  K  Rt,  (3.5) 


Thvis  (3.5)  determines  Kt**  implicitly.  Tb  calcnilate  ve  require  the 

additional  trajectory  quantities  ^  defined  by  (2.11),  (2.15)  siid 


•  •  •  Bh  as  defined  by  (2.17  >.  TSius  ue  write  (3.I)  In  differential 

form,  with  ^  ^  Rr  held  constant: 


N  »  I 


(3.6) 
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Therefore, 


c)»V 


'3-  h 


Rt,  M.-,  ^r,  *•  /•  •  *  ’^••/  ^t} 

-iiJt - - - - -  (3.0) 

Hr,  <.,••• 

* 


>Hr 


)f.,  •  •*  X., 

_  Jt^ _ 

Rr,tt...Hr,  X.,.  *  -  Xh, 

'  (3.9^ 


Ao“  A*C<^4.,  Rt)  “ 


A  Hi.  • 

Aht  =  A„(A./*,  ^t)  - 


m<k,-o,Rr,  Hui,**T»rf,  X,w  ••• 
iR  ,  Rt,  } 

c^Huj 

^.^•y  ^TWy  Xiirf,  •  *  *  y  ^Vw  ^ 

^•irv 


(3.1: 


and  for  K  =  -  ev 


Then  recalling  (2.14),  (2.15),  (2.17)  we  obtain  the  following  important 


results : 


— 


i3.y^) 


(3.15) 
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vbere  we  expect 


A.<o 


with  Mnf  and  l^^|,^-"^ilet«rBihed  we  can  write  the  linear  function 

given  by  (2.10)  and  can  calculate  6f  froc  (2.l6),  (2.20,  (2.23), 


(2.2U). 


It  is  useful  to  approxlxaate  the  range  function  (3 >2)  by  a  linear  expansion 
about  •Va,*  ,  *  Thua  fro®  (3-2),  (3*5)  write 

(R  =  Rt  +■  Am^Chw'O  +  A»,(h,  -  »,«■) 

^  \  Aa^^a*  *  A.  CM^*  Htw")  (3.J  i) 

k  a* 

A  special  case  for  the  function  (k  that  is  iaportant  in  tudying  the 
effect  of  propellant  depletion  on  impact  statistics  corresponds  to  inisslle 
operation  until  propellant  depletion.  Ihus  we  have  X.  r  outage 

for  the  final  stage.  The  corresponding  range  function  is  denoted  by 
and  represented  by 

y,^  •  •  •  X*,  X.^  (3.16 

The  linearized  fora  for  is  given  by  (2.12),  (3*^7)  as 

”  Rr  ^  ~  {3.-9) 

idiere,  utilizing  (2.15);  (3*1^);  (3*i*5), 


3-^ 


-  -  A.  4M, 


(3  20) 


and  utilizing  (2.16),  (3*16) 

9K 

^  AkC/m. -Xh,) 


-  A.  U 


(3-21) 


Recalling  (2.10),  then  (3.19)  be  written  as 


(P^f  =  Rt  - 


(3-22; 


Rt  **■  AR*  Y  -  A,^ 


(3.?3'i' 


Rt  Ao 


(3.23r/, 


(Jl,  =  K,  -A.CX,->tr) 


BecsLlling  (2.20),  we  obtain  the  standard  deviation  for 


(3.2U' 


lAol 


We  therefore  approxioate  the  probability  distribution  function 


i<«.) 


(Xp  by 


f  («,)  = 


oltT  a; 


(3.26) 
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The  cumulative  probability  ^ 

Wf  ▼  ^ 


is  given  by 


i,>. 


i  + 


n,  i- 


l^e-l 


rv2") 


vhere 


k,  Hr)  »n<i  «r^H..,Mr) 


Wc  recall  that  (R^  relates  to  the  hypothetical  situation  of  a  trajectory 
corresponding  to  a  target  at  ,  for  which  we  eliminate  guidance  termina¬ 
tion  and  continue  to  propellant  depletion;  and  a»  probability 

that  in  such  a  situation  a  range  of  at  least  R«  will  be  achieved.  Thus 
Kt  is  identical  with  0^  ,  which  can  be  seen  frees  (3*27)  by  com¬ 
paring  wi  th  (2.23)* 


f 
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ADDITIONAL  PERFORMANCE  CALCULATIONS 

It  is  often  of  interest  to  consider  t&rget-range  for  given  01.  j  «'o 
corresponding  to  some  specified  value  of  the  probability  0^  In 
particular,  cooparison  between  various  systems  is  more  meaningful  in 
terms  of  differences  in  target-range  at  the  same  probability  level  rather 
than  differences  in  probability  for  the  same  target-range.  Ihus  for  any 
change  in  parameter  values  ve  are  interested  in  the  target- range  to 
maintain  the  sane  probability  value  Qf  corresponding  to  R-f  for  the 
previous  conditions.  An  important  example  of  how  this  calculation  can 
be  accomplished  is  given  below  in  discussing  the  method  of  handling 
launch-site  and  target  altitude  quantities  differing  from  standard  values. 


Launch-Site  and  Target  Altitude 

Let  us  suppose  we  have  obtained  the  probability  results  for  the  nominal 

a  ^  a  a 

conditions  Ht=  Htn  *  ,  Hr  =  Htw  *  Ht  where  ^ 

convenient  standsurd  values  chosen  for  suitable  linear  expsmslon.  Denoting 
this  special  result  as  -  (?p(  0^^  or®,  Rr  .  H?) 

we  write  from  (2.18),  (2.23'',  (2.2(^); 

'^0 

ird 


(4.1) 


•V  < 
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where 


(^.3) 


ana  ^  a 

We  seek  to  detemlne  the  value  of  corresponding  to  e,  =  (?/ 

with  H|,  =  H*  Hf  =  Hr  basic  condition 

for  determining  is  given  as  follows: 

<r  '  td )  =  (P, ( ,  RJ,H.,H,') 


=  i  ^ 


\  ^  C  ^ 


where 


9 

*■  fa  RJ  )(  Xk-  )  -  5.  j 


and 


Ml  =  -.X) '-  M,<  Vv  <  <  < ;  ^-  •  •  •  '‘-O 


(4.h) 


(^.5) 


(^.6) 


(^.7) 


Thus 


A.  Rt  *  r7 

being  utilised. 


hi  --  «! 


,  then  in  keepijag  with  the  linearization  assumption 


ih3) 


^  Vaa 


(■*.9) 
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Then  substituting  (4.3)>  (^*6)  Into  (^.8)  and  utilizing  (U.9),  we  obtain 

h,  -  h!  ) + e(;,(  H,  - «: )  = 

Recalling  (3.5)>  (3*10)  we  write 

Rt  =  R  f  Rr ,  H,'  ,  H;  ;  . . .  X.^, 

-  K }  <»., Rt,  m*,  Ht  ;  Mxh  j 

“  R^  Rt,  Hi,  ^  Ht  Xf*»,  •  *  •  X.w  , 


(J4.10: 


^  0<.  R,^  H,‘  MttU^*** 

JMtT; 

Rt  +■  a*  (  ^tn  ”  f^Th)  (‘•.U) 


In  step  two  above  we  have  neglected  the  change  in  the  form  of  the  range 
function  due  to  the  retargeting  from  to  as  In  (3»3)*  Com 

blnlng  (4.10),  (4.11)  and  utilizing  (3»l4),  (3»I5)  we  obtain 

RJ  =  Rr  +AS!* 


'  ]  O 


\diere  as  In  (3. 20), 

K  "  A*  ( H,  -  h!  )  ->-  A\i  Ht  -  h;)  (U.i: 

Thus  If  Ry  Is  the  target-range  for  a  probability  (5^  determined  for 

a  a  a 

standard  altitudes  H.  Ht  ,  then  we  add  to  It  to  get  the  target - 

remge  at  the  same  probability  (?^  corresponding  to  altitudes  He,  H,. 


Changes  In  Expected  Values 

Another  performance  calculation  of  interest  Is  that  arising  from  a  re-eval¬ 
uation  of  the  expected  values  *  '  *  X*.  for  which  we  have  previously 
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obtained  the  result  ffp  "  .  Let  the  new  expected 

values  be  denoted  by  •  •  •  3(  J  let  the  standard  deviations 

•  •  •  (J“  remain  unchanged.  We  can  obtain  the  new  probability 

as  follows.  Now  the  nominal  expansion  (2. 1C 
Independent  of  the  expected  values.  Thus  from  (2.18),  (2.24)  and  assum¬ 
ing  this  linear  approximation  to  be  valid  over  the  Interval  including  the 
new  expected  values,  with  dispersion  around  Uiem,  we  write 


W  t* 


where 


corresponds  to 


and 


• 


Then  from  (2.23), 


5IA.W-M 


Hr)  =  2 


Vr  ^  Artf 
A.  -•^Vv 

Ifis  C. 


where 


4 


•».  ♦  SH. 

-  r'x 

*  \  (£S 


for  a 


As  discussed  previously,  instead  of  calculating  a  new  value  (?^ 
particular  launch- si te/target  combination 


(4.14) 

(^-15a) 
(4.’5t  ) 

(^.16) 

(4.17) 
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we  may  be  Interested  in  determining  the  target-range  increment  at  some 
particular  value  of  probability  arising  from  the  change  in  expected  values. 
That  is,  we  seek  to  determine  r\.j.  such  that 


fp(,  o^o  ,  Rr  i 

(4.i;i) 

From  (2.23)  we  see  that 

=  Hr) 

From  (2.24),  (2.18)  emd  assuming  0^ 

as  in  (4.9),  then  we  obtain 

Mtk  ^  Mtn  “ 

H 

Z^BkCxL  -  x.O 

k  »  • 

(4.20) 

where  we  have  utilized  (3 -16)  and 

if  *  • 

Mr»j  ~ 

Mtij(  f^r) 

(^*.21) 

(4.22) 

Recalling  (3.5)>  then  as  in  (4.11),  we 

obtain 

II 

R,  t  A.(tAl  -NVJ 

(4.33; 

Then  substituting  (4.20)  into  (4.23)  we 

obtain 

f<T  - 

Rt  +• 

(4.24) 

where  ^ 

AK  - 

2  K(-  ■  ^0 

(4.25a) 

■X 

-W  6W, 

(4.251' 

with  given  by  (4.15)  and  Oj^  by  (3«25) 
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The  expreaeions  (4.25a)  and  (4.13)  show  the  adjustments  in  target-range 
under  parameter  changes,  at  constant  probability.  Accordingly,  ve  say 
that  range  is  exchanged  for  a  coapensating  parameter  change  and  ceill  the 
qusuitlties  Ah  Ah.  A«  •  •  •  Ak  "range  exchange  coefficients." 

For  the  "naxlmum  target-range"  case  discussed  In  Sec.  1  they  would  be 
called  specifically  "maximum  targe t-rsinge  exchange  coefficients"  ,  and 
it  Is  this  set  of  exchange  coefficients  that  we  are  most  Interested  In. 

Additional  Approximations 

A  useful  approximation  that  has  been  found  valid  for  some  systems  Is  to 
consider  the  qvantlty  ^  of  (2.20)  as  constant  and  Independent  of  the 
launch- site/target  combination.  Thus  with  determined  In  advance  It 

only  remains  to  find  >4  In  order  to  calculate  for  any 

If  Hu*  Ht  *  Ht»-  the  nominal  quantities  ^  .  •  »  Xmn 

selected  as  expected  values  we  see  from  (2.18)  that  the  only 

trajectory  quantity  required  to  determine  (?p  for  the  target  of  Interest. 
This  Is  particularly  useful  for  determining  Op  as  part  of  an  opera¬ 
tional  targeting  calculation. 

For  the  special  case  of  ^  Ht  -  Htn 

for  all  ranges  and  for  given  <A, ,  ,  then  the  probability  function  ^ 

Is  determined  by  Xp  'diich  can  be  represented  by  a  function 

=  >r,(R.T) 
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To  differentiate  (4.26)  we  recall  (3«5)>  (3*40)  and  obtain 


I  —  Rr,  Hrw ,  ,  *  * 

=  A  o  (■  ^t) 

^  Rt 

^  Mf  (  Kt)  :: 
JRt 


In  (4.27)  we  have  ne^^lected  the  change  in 
different  targets,  as  in  (3*3)  • 


*  y  ^ 

^  Rt 


± 

A. 


forrr.  of  tne  function 


(4.27) 

(4.28) 


The  function  given  by  (4.26)  completely  deternilnes  t/p  as  a  function  of 
Rt  •  As  varies  almost  linearly  with  ,  not  many  deter 

minations  for  values  of  are  required.  This  su^ests  Ein  approxi¬ 

mation  in  whilch  we  Introduce  linear  extrapolation  by  a  determination  of 
the  function  and  its  slope  at  some  range  Rf  .  This  would  be  effected 
over  the  interval  of  all  ranges  of  Interest.  We  note  that  this  differs 
somewhat  from  the  approximation  (2.10)  in  which  we  linearize  only  over 
the  dispersion  for  a  given  target.  To  discuss  such  a  procedure  we  first 
define 


Ao  -  A*(<^^ 

^4.29) 

Rt) 

-  lAJ  oj 

f4.3uj 

-7. 

(4.31/ 

A  linear  approximation  to  (4.26)  can  be  written  as 

'  flKr  -  ?r] 


(4.32j 
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Utilizing  {Z.Zk),  ve  obtain 

n|  ■- 


where 


Thus  from  (2.23), 


I 

Z. 


j  l-Rr 


®5l 


I 


R.  ?  Rr  -  A.  M 


i  .u‘/t 

e 


(^•3 


('♦  3^; 


We  note  that  -  O.'i  when  t  and  that  the  quantities 

^  (J^  -'ompletely  determine  Sf  in  this  method  of  approximation. 

Thus  if  thC'  noBLinals  are  selected  as  expected  values  aind  if  K^'-  °  * 
then  from  (^*.32),  R©  '  ^  and  only  0^  is  required  to  determine 
Pf  ^  .  Selecting  probability  however  requires 

a  linear  extrapolation  over  a  longer  Interval  than  if  Rt  corresponds  to 
a  reasonably  high  probability,  and  is  therefore  not  recomsended. 


lb  csilculate  the  error  due  to  the  approximation  (U.32)  let 

r  ^r) 

tv ’f»  \  -  -  T- 

c 


Q;  '  ^  i  ^ 


and 


(?,  -  i  ^ 


p7  T 

\  ^  -v. 

I  liT.  c 


To  determine  the  difference  between  the  approximate  target-range 
and  the  more  correct  value  Rj-  for  an  arbitrary  probability  level 


(^•38 


(^.3T) 


we  write 


to 


Pa^e  U.9 


K,(f.r)  =  >C,kR^) 

=  K  ^  -«r] 

Therefore 

R,  -  Rtp  1-  AR^ 


where  the  error 


at  the  probability  of  interest  is  given  by 


AR*  =  -a:1  jtpCRr) -^♦(Rr)^ 


(^•38) 


(‘♦.39/ 


(h.Ur/, 


(4.UI; 


Thls  is  shown  schematically  in  Fig.  4.1 


Fig.  U.l 
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